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CLASSIFYING TORIC SURFACE CODES OF DIMENSION 7
EMILY CAIRNCROSS, STEPHANIE FORD, ELI GARCIA, AND KELLY JABBUSCH
Abstract. Toric codes are a class of error-correcting codes coming from a lattice polytope
defining a toric variety. Previous authors have completed classifications of these toric surface
codes with dimension up to k = 6, and we classify toric surface codes with dimension k = 7
while building on their methods. We first determine that there are 22 polygons, up to
lattice equivalence, which yield codes of dimension 7. We further show that these 22 classes
generate monomially inequivalent codes for sufficiently large finite fields.
1. Introduction
A specific toric code is constructed by first electing a finite field of order q (where q is a
prime power) and a lattice convex polytope with k lattice points (note that for the purposes
of this paper, we only consider 2-dimensional polytopes, or polygons, but toric codes can
be generated by higher-dimensional lattice convex polytopes). A generator matrix can then
be constructed involving both the elected field and polygon, and then the code consists of
the set of linear combinations of the rows of the generator matrix. Given a toric code, we
consider three parameters:
• The length of a codeword, which is n = (q − 1)2.
• The dimension of the code, which is k.
• The minimum Hamming distance d of the code (Hamming distance meaning number
of indices at which two codewords differ), which varies depending on the shape of the
polygon. The greater the minimum distance, the more errors the code can correct.
If someone were trying to type a codeword from a code with minimum distance 5
and made two errors, what they typed would still be closer to the intended codeword
than any others in the code, so their errors would be corrected.
The ideal code would have n small (ridiculously long codewords are irritating to deal
with) and d large so that the code can correct as many errors as possible. For this reason,
classifying toric codes based on their dimension is useful in finding patterns as to what shapes
give better codes. In doing this, we find all polygons that generate different codes for k = 7
and their minimum distances. Our main theorems are as follows:
Theorem 1.1. Every toric surface code with k = 7 is monomially equivalent to a code
generated by one of the 22 polygons in Figure 1.
Monomially equivalent will be formally defined in Section 2 - see Definition 2.2 - but the
important thing is that monomially equivalent codes share values for all three parameters
mentioned above.
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Figure 1. Lattice equivalence classes with k = 7 lattice points
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These 22 polygons generate monomially inequivalent codes over Fq for most q, however,
as in the case with k = 6, we do find some cases in which two lattice inequivalent polygons
generate monomially equivalent codes. More precisely:
Theorem 1.2. These 22 polygons generate monomially inequivalent codes over Fq, for all
q, with the following exceptions:
(a) P
(22)
7 and P
(15)
7 yield monomially equivalent codes over F7,
(b) P
(18)
7 and P
(16)
7 yield monomially equivalent codes over F7,
(c) P
(19)
7 and P
(9)
7 yield monomially equivalent codes over F7,
(d) P
(22)
7 and P
(16)
7 yield monomially equivalent codes over F8,
(e) P
(17)
7 and P
(18)
7 yield monomially equivalent codes over F8.
After completion of this project, we learned that [2] had similar results. However, we do
answer three of their open cases: namely (d) and (e) in Theorem 1.2, as well as showing
that P
(4)
7 and P
(5)
7 yield monomially inequivalent codes over F29. Some of our methods are
similar, but we do consider some different invariants, and include our full proofs in Section
3. Note that the numbering of the polygons in [2] is different than our numbering.
The paper is organized as follows: in Section 2 we will first give an overview of definitions
and previous results we will need to compute minimum distances. In Section 3 we will prove
the two theorems mentioned above. Finally, we end with a third result about k = 8.
2. Preliminary definitions and previous results
Toric codes are a class of linear error-correcting codes introduced by Hansen in [1]. To
construct such a code over the finite field Fq, we take a lattice convex polytope (i.e. the
convex hull of a set of lattice points) P ⊂ q−1 = [0, q − 2]m ⊂ Rm. Then the toric code
CP (Fq) is given by the generator matrix defined by the following.
Definition 2.1. Let Fq be a finite field and P ⊂ q−1 ⊂ Rm be a lattice convex polytope.
Write #(P ) = |P ∩ Zm| so that #(P ) is the number of lattice points both on the boundary
of and within the polytope. Then the toric code CP (Fq) is the linear code of block length
(q − 1)m given by the #(P )× (q − 1)m generator matrix defined:
G = (ap),
for each a ∈ (Fq)m and each p ∈ P ∩ Zm, where ap = ap11 · · · apmm for a = (a1, . . . , am) and
p = (p1, . . . , pm).
Equivalently, CP (Fq) can be defined as the image of an evaluation map. Let
L(P ) = Span{xp11 xp22 · · · xpmm : p = (p1, p2, . . . , pm) ∈ P ∩ Zm},
then CP (Fq) is the image of the map
ε : L(P )→ F(q−1)mq
f 7→ (f(a) : a ∈ (F∗q)m).
From now on, we will generally omit the reference to Fq and write only CP . Realize that the
weight of a codeword w = ε(f) ∈ CP is simply
wt(w) = (q − 1)m − Z(f),
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where Z(f) is the number of points in (F∗q)m at which f vanishes. Hence, the minimum
weight of CP is given by
d(CP ) = (q − 1)m − max
0 6=f∈L
Z(f).
We will focus on codes arising from toric surfaces, so m = 2. We will classify the toric
surface codes of dimension 7 according to monomial equivalence, the precise definition is as
follows:
Definition 2.2. Let C1 and C2 be two codes of length n and dimension k over Fq, and let
G1 and G2 be generator matricies for C1 and C2, respectively. C1 and C2 are monomially
equivalent if there is an invertible n× n matrix ∆ and an n× n permutation matrix Π such
that G2 = G1∆Π.
In general it is difficult to check if two codes are monomially equivalent from the definition.
Little and Schwarz [3] give a more practical criteria for determining if two polytopes give
the same code. We first define lattice equivalence of polytopes:
Definition 2.3. Two integral convex polytopes P1 and P2 in Zm are lattice equivalent if
there exists a unimodular affine transformation T : Rm → Rm defined by T (x) = Mx + λ
where M ∈ SL(m,Z) and λ ∈ Zm such that T (P1) = P2.
Roughly speaking two polytopes are lattice equivalent if there is a transformation from
one to the other that is a shear, translation, and/or rotation by a multiple of 90◦.
Theorem 2.4 ([3]). If two polytopes P1 and P2 are lattice equivalent, the the toric codes CP1
and CP2 are monomially equivalent.
Luo, Yau, Zhang, and Zuo [5] (and for more details [4]) classified toric surface codes of
dimension k = 6, and found that for small q, it was possible that two polytopes could be
lattice inequivalent but still yield monomially equivalent codes (a phenomena which didn’t
occur for k < 6).
Theorem 2.5 (Luo, Yau, Zhang, and Zuo [5]). Every toric surface code with k = 6, is
monomially equivalent to one constructed from one of the polygons in Figure 2. Furthermore,
C
P
(i)
6
and C
P
(j)
6
are not monomially equivalent over Fq for all q ≥ 7, except that
(1) C
P
(5)
6
and C
P
(6)
6
over F7 are monomially equivalent;
(2) the monomial equivalence of C
P
(4)
6
and C
P
(5)
6
over F8 remains open.
4
Figure 2. Lattice equivalence classes with k = 6 lattice points
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As a first step we will build up classes of lattice equivalent polygons with k = 7 lattice
points, and Pick’s Theorem will be useful.
Theorem 2.6 (Pick’s Theorem). Let P ⊂ R2 be a lattice convex polygon. Write B for the
number of lattice points on the boundary of P and I for the number of lattice points in the
5
interior of P. Then the area of P is given by
A(P ) = I +
B
2
− 1.
2.1. Results to compute the minimum distance. Little and Schwarz compute the min-
imum distance for codes coming from special polytopes, namely rectangular boxes and sim-
plices. We state the two results we need in the toric surface case (though they are extended
to the higher dimensional case as well in [3]).
Letq−1 = [0, q−2]2 ∈ Z2, let Pk,l be a rectangle, that is the convex hull of (0, 0), (k, 0), (0, l),
and (k, l), and let P4k,l be a right triangle, that is the convex hull of (0, 0), (k, 0) and (0, l).
Then the minimum distances of the codes given by the rectangle and triangle are as follows:
Theorem 2.7 (Minimum distances for codes defined by special polygons [3]).
(1) If Pk,l ⊂ q−1, then the minimum distance of the toric surface code CPk,l is
d(CPk,l) = (q − 1− k)(q − 1− l)
(2) If P4k,l ⊂ q−1 and M = max{k, l}, then
d(CP4k,l
) = (q − 1)2 −M(q − 1)
We will also need results of Soprunov and Soprunova [6]. Recall the Minkowski sum of
two polytopes P and Q is the pairwise sum of P and Q : P +Q = {x+ y |x ∈ P, y ∈ Q}.
Definition 2.8. Let P be a lattice polytope with Minkowski decomposition P = P1+· · ·+Pl,
where each Pi has positive dimension. The Minkowski length of P , denoted l(P ), is be the
largest number of summands in such a decomposition. The full Minkowski length of P is the
maximum of the Minkowski lengths of all subpolytopes in P : L(P ) := max{l(Q) |Q ⊂ P}.
Sopronov and Soprunova then give the following bound on the minimum distance of a
code, based on the full Minkowski length L.
Theorem 2.9 ([6]). Let P ⊂ q−1 be a lattice polygon with area A and full Minkowski length
L. For q ≥ max(23, (c+√c2 + 5/2)2), where c = A/2− L+ 9/4, the minimum distance of
the toric surface code CP satisfies
d(Cp) ≥ (q − 1)2 − L(q − 1)− 2√q + 1.
The bound can be improved if P does not contain a polygon which is a Minkowski sum of
exceptional triangle, a triangle with exactly one interior point, and a positive dimensional
polygon. Recall the Newton polytope of f is the convex hull of the exponent vectors of the
monomials appearing in f . For example the Newton polytope, Pf , of f = ax
−1 + by+ cxy−1,
where a, b, c ∈ F∗q, is the convex hull of three points: Pf = Conv((−1, 0), (0, 1), (1,−1)),
which is also an exceptional triangle, having (0, 0) as its interior point.
Theorem 2.10 ([6]). Let P ⊂ q−1 be a lattice polygon with area A and full Minkowski length
L. If for every f ∈ L(P ), there is no factorization f = f1 · · · fL, where the Newton polygon of
one of the factors is an exceptional triangle, then for q ≥ max(37, (c+√c2 + 5/2)2), where
c = A/2− L+ 11/4, the minimum distance of the toric surface code CP satisfies
d(Cp) ≥ (q − 1)2 − L(q − 1).
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Finally we record a result of [6] which gives a bound on the number of zeros of an absolutely
irreducible polynomial f , denoted by Z(f).
Theorem 2.11 ([6]). Let f be absolutely irreducible with Newton polygon Pf . Then
Z(f) ≤ q + 1 + b2I(Pf )√qc −B′(Pf ),
where I(Pf ) is the number of interior lattice points and B
′(Pf ) is the number of primitive
edges of Pf .
A primitive edge of a polygon is an edge whose only lattice points are the endpoints.
3. Proofs of Main Results
Using the lattice equivalence of polygons with k = 6 lattice points, we first construct the
22 equivalence classes of polygons with k = 7 lattice points. Following the notation of [3],
[7] and [5], we will denote our polygons by P
(i)
k where k is the number of lattice points and
i denotes the equivalence class.
Theorem 3.1. Every toric surface code with k = 7 is monomially equivalent to a code
generated by one of the 22 polygons in Figure 1.
Proof. Every polygon with seven lattice points has a polygon with six lattice points as a
subset. To find all equivalence classes for polygons with seven lattice points, we will consider
the representatives for all equivalence classes for polygons with six lattice points, and find all
possible ways to add one extra point to each. We will then categorize each of the resulting
polygons into the 22 equivalence classes with representatives pictured in Figure 1. Our
results can be found in Table 1, and we explain the results for P
(1)
6 and P
(2)
6 in detail.
When adding points to P
(1)
6 , the only equivalence classes are P
(1)
7 and P
(2)
7 . We will first
consider the potential additional points on the line y = 0, then consider other values for y.
When y = 0, (6, 0) or (−1, 0) are the only possible points. Any points added to the left
of (−1, 0) would include at least (−1, 0), and any points added to the right of (6, 0) would
include at least (6, 0), which both result in a polygon with greater than seven total lattice
points. When either (6, 0) or (−1, 0) are added, the resulting polygon is in the equivalence
class P
(1)
7 . This is clear when (6, 0) is added, and a simple translation to the right makes it
clear for (−1, 0). In the case where y 6= 0, the resulting polygon will contain seven points
on its boundary and none in its interior. By Pick’s Theorem 2.6, the polygon will have area
5
2
. But the polygon is a triangle whose base has length 5, so its corresponding height must
equal 1. Hence we suppose y = ±1, in which case any point may be added. However, all
points will be in the equivalence class P
(2)
7 , which can be seen by shearing repeatedly.
For P
(2)
6 , we will also consider adding points on the line y = 0, then for positive values of
y, and then for negative values. Figure 3 represents both possible points that can be added
to P
(2)
6 to create a polygon with seven lattice points and all points that cannot be added in
this way. The only points that can be added when y = 0 are (−1, 0) and (5, 0). As for P (1)6 ,
any points added to the left or right would result in a polygon with greater than seven total
lattice points. When we add (−1, 0) or (5, 0), the resulting polygon is in the equivalence
class P
(2)
7 . This is clear when (5, 0) is added, and a simple shear makes it clear for (−1, 0).
When y = 1, adding both (−1, 1) and (1, 1) result in a polygon in the equivalence class P (3)7 .
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Figure 3. Illustration of proof of Theorem 3.1 for P
(2)
6 .
Any points added on this line to the left of (−1, 1) will include at least (−1, 1), and any
points added on this line to the left of (1, 1) will include at least (1, 1), which gives polygons
with greater than seven total lattice points. When y = 2, any points added will include at
least one extra point; adding (−2, 2) or any points to the right of it will include (1, 1), while
adding points to the left will include (−1, 1). The same basic argument applies for all values
of y greater than two. For y = −1, any points to the left of (−1,−1) will also include (−1, 0),
while any points to the right of (9,−1) will include (5, 0). For (−1,−1), (9,−1), and the
points in between them: adding (−1,−1) or (9,−1) gives an element of the equivalence class
P
(22)
7 , adding (0,−1) or (8,−1) gives the equivalence class P (18)7 , adding (1,−1) or (7,−1)
gives P
(17)
7 , adding (2,−1) or (6,−1) gives P (16)7 , adding (3,−1) or (5,−1) gives P (15)7 , and
adding (4,−1) gives P (14)7 . For y ≤ −2, any points added will also include a point from the
line y = −1. Therefore, we have found all of the possible ways to add points to P (2)6 . Our
results are summarized in the third row of Table 1.
For the other 12 equivalence classes for polytopes with six lattice points, similar reasoning
applies. All lattice points that can be added to each P
(i)
6 without also including other points
are listed in Table 1 with each corresponding equivalence class for k = 7, P
(j)
7 . Interested
readers are welcome to verify (it takes about three hours). 
Table 1: finding k = 7 equivalence classes
equivalence class P
(i)
6 point added to P
(i)
6 resulting class P
(j)
7
P
(1)
6
(6, 0), (−1, 0) P (1)7
(x0,±1), x0 ∈ Z P (2)7
P
(2)
6
(5, 0), (−1, 0) P (2)7
(−1, 1), (1, 1) P (3)7
(4,−1) P (14)7
(3,−1), (5,−1) P (15)7
(2,−1), (6,−1) P (16)7
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equivalence class P
(i)
6 point added to P
(i)
6 resulting class P
(j)
7
(1,−1), (7,−1) P (17)7
(0,−1), (8,−1) P (18)7
(−1,−1), (9,−1) P (22)7
P
(3)
6
(4, 0), (−1, 0) P (3)7
(2, 1), (−1, 1) P (4)7
(0, 2), (−1, 2) P (8)7
(0,−1), (5,−1) P (9)7
(1,−1), (4,−1) P (10)7
(2,−1), (3,−1) P (11)6
(6,−1), (−1,−1) P (9)7
P
(4)
6
(1,−1), (1, 1) P (9)7
(−1, 0) P (17)7
(5, 0) P
(18)
7
(−1,−1), (−1, 1) P (19)7
P
(5)
6
(−1, 0) P (17)7
(0,−1), (1, 1) P (19)7
(4, 0) P
(22)
7
P
(6)
6
(−1, 0), (0,−1) P (9)7
(2, 1), (1, 2) P
(10)
7
(−1,−1) P (15)7
(4, 4) P
(17)
7
P
(7)
6
(−1, 1), (4,−1), (1, 1), (2,−1) P (11)7
(−1, 0), (4, 0) P (15)7
P
(8)
6
(−1,−1), (−1, 1) P (10)7
(1,−1), (1, 1) P (11)7
(−2, 0) P (14)7
(3, 0) P
(16)
7
P
(9)
6
(2, 1) P
(5)
7
(1,−1) P (6)7
(0, 2) P
(8)
7
(3, 0) P
(9)
7
(−1, 0) P (11)7
(−1, 1), (1, 2) P (12)7
(−1,−1) P (13)7
(−1, 2), (−1,−2) P (21)7
P
(10)
6 (−1, 1), (1, 1), (1,−1) P (21)7
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equivalence class P
(i)
6 point added to P
(i)
6 resulting class P
(j)
7
P
(11)
6
(0,−1) P (10)7
(1, 2) P
(12)
7
(−1, 0) P (13)7
(0, 3) P
(19)
7
(2, 0) P
(20)
7
(2, 1) P
(21)
7
P
(12)
6
(2, 1), (1, 2) P
(5)
7
(1,−1), (−1, 1) P (6)7
(−1,−1) P (7)7
(0,−2), (−2, 0) P (10)7
(2, 0), (0, 2) P
(11)
7
(2, 2) P
(13)
7
P
(13)
6
(1, 2), (2, 1), (−1, 1), (1,−1), P (5)7
(−1, 2), (2,−1)
(−1, 0), (0,−1), (3, 0), (0, 3), P (8)7
(3,−1), (−1, 3)
(4,−1), (−1, 4), (−1,−1) P (20)7
P
(14)
6
(0,−1), (2,−1), (0, 2), (2, 2) P (5)7
(1,−1), (1, 2) P (6)7
(3,−1), (−1, 2), (−1,−1), (3, 2) P (12)7
(−1, 0), (−1, 1), (3, 0), (3, 1) P (14)7
To determine if the 22 lattice inequivalent polygons yield monomially inequivalent codes,
we first compute (or bound) the minimum distance of each code.
Theorem 3.2. The polygons with k = 7 lattice points generate codes with minimum distances
determined by the formulas in Table 2 below for sufficiently large q.
Table 2: Minimum distances
lattice equivalence class minimum distance formula bound on q
P
(1)
7 (q − 1)(q − 7) all q
P
(2)
7 (q − 1)(q − 6) all q
P
(3)
7 (q − 1)(q − 5) all q
P
(14−18,22)
7 (q − 1)(q − 5) q ≥ 37
P
(4,8)
7 (q − 1)(q − 4) all q
P
(9−11,19)
7 (q − 1)(q − 4) q ≥ 37
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lattice equivalence class minimum distance formula bound on q
P
(5−7)
7 (q − 2)(q − 3) q ≥ 11
P
(12)
7 (q − 2)(q − 3) q ≥ 25
P
(13)
7 (q − 1)(q − 3) ≥ d > (q − 2)(q − 3) q ≥ 23
P
(20−21)
7 (q − 1)(q − 3) q ≥ 37
Proof. The minimum distances of P
(1)
7 and P
(2)
7 follow immediately from Theorem 2.7. For
P
(3)
7 , note that P
4
1,4 ⊂ P (3)7 ⊂ P44,4, and the codes associated to P41,4 and P44,4 both have
minimum distance (q − 1)2 − 4(q − 1) = (q − 1)(q − 5).
For P
(i)
7 , with i = 14 − 18, 22, we note that none have an exceptional triangle as a sub-
polygon, and we can use Theorem 2.10. To compute d(C
P
(14)
7
), we have that L = 4, since the
line segment connecting (−1, 0) to (3, 0) has Minkowski length 4, so Theorem 2.10 gives that
d(C
P
(14)
7
) ≥ (q − 1)2 − 4(q − 1) = (q − 1)(q − 5) for q ≥ 37. We then note that we can find
codewords of weight (q − 1)2 − 4(q − 1), as these codewords will correspond to polynomials
with 4(q− 1) zeros: simply consider f = e(x− a)(x− b)(x− c)(x− d), where a, b, c, d, e ∈ F∗q
and a 6= b 6= c 6= d. Therefore, d(C
P
(14)
7
) = (q − 1)2 − 4(q − 1) = (q − 1)(q − 5) for q ≥ 37.
The computation of d(C
P
(i)
7
), for i = 15− 18, 22 is similar.
The codes given by P
(i)
7 , with i = 4, 8, are subcodes of CP43,3
, which has minimum distance
d(CP43,3
) = (q − 1)2 − 3(q − 1) = (q − 1)(q − 4), by Theorem 2.7. Moreover C
P
(4)
7
and
C
P
(8)
7
contain codewords of weight (q− 1)2 − 3(q− 1), namely those coming from evaluating
f = d(x− a)(x− b)(x− c), where a, b, c, d ∈ F∗q and a 6= b 6= c, which has 3(q− 1) zeros. The
minimum distances of C
P
(i)
7
for i = 9−11, 19 can be computed using Theorem 2.10. Note that
P
(9)
7 has Minkowski length L = 3, and although it has an exceptional triangle as a subpolygon
(namely the convex hull of (−1, 1), (0,−1) and (1, 0)), there is no subpolygon which is the
Minkowski sum of the exceptional triangle and other positive dimensional polygon, so we may
apply Theorem 2.9, to find d(C
P
(9)
7
) ≥ (q−1)2−3(q−1) for q ≥ 37. Moreover, C
P
(9)
7 )
contains
codewords of weight (q− 1)2 − 3(q− 1), coming from evaluating f = d(x− a)(x− b)(x− c),
where a, b, c, d ∈ F∗q and a 6= b 6= c. We thus conclude that d(CP (9)7 ) = (q − 1)
2 − 3(q − 1) for
q ≥ 37. Again the computation of d(C
P
(i)
7 )
for i = 10, 11, 19 is similar.
We next consider codes coming from P
(i)
7 , i = 5 − 7. We will compute d(CP (7)7 ), the
computation for d(C
P
(i)
7
) with i = 5, 6 is similar. Consider the polynomial f = (x − a)(y −
bx−1)(y−1 − c) ∈ L(P (7)7 ), with a, b, c ∈ F∗q, which will have 3(q − 1) − 2 zeros if and only
if a = bc (else it will have 3(q − 1) − 3 zeros). We next show that any f ∈ L(P (7)7 ),
with q ≥ 11 will have at most 3(q − 1) − 2 zeros. This then will give us that d(C
P
(7)
7
) =
(q − 1)2 − (3(q − 1)− 2) = (q − 2)(q − 3), for q ≥ 11.
First note that P
(7)
7 has full Minkowski length L = 3, and any maximal decomposition in
P
(7)
7 will be a Minkowski sum of three primitive edges, which implies that every polynomial
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with the largest number of absolutely irreducible factors (three) will have at most 3(q−1)−2
zeros in (F∗q)2.
Next consider the case where f is absolutely irreducible, with Newton polytope Pf . Since
Pf ⊆ P (7)7 , the number of interior points of Pf , I(Pf ), is at most 1. Then by Theorem 2.11,
Z(f) ≤ q + 1 + b2I(Pf )√qc −B′(Pf ) ≤ q + 1 + b2√qc.
For q ≥ 5, q + 1 + b2√qc ≤ 3(q − 1)− 2.
Finally consider the case where f factors into two absolutely irreducible polynomials. One
can apply Propositon 2.4 from [6], to get that for q ≥ 41, Z(f) ≤ 3(q− 1)− 2, but following
the proof of [6, Prop 2.4], we can bring the bound on q to q ≥ 11. Let f = f1f2, and let Pi
be the Newton polygon of fi, so that Pf = P1 + P2. Then, as in the proof of [6, Prop 2.4],
L(P1) ≤ 2 and L(P2) = 1.
• If L(P1) and L(P2) are both one, then P1 and P2 are both strongly indecomposable
triangles or lattice segments. Note that neither can be the exceptional triangle, since
the Minkowski sum of the exceptional triangle with a line segment or simplex is not
contained in P
(7)
7 . So if L(P1) = L(P2) = 1, then
Z(f) ≤ 2(q − 1) ≤ 3(q − 1)− 2.
• If L(P1) = 2 and L(P2) = 1, then the number of interior points of P1, is less than or
equal to 1, and as before P2 is either the two-simplex or a lattice segment. Applying
Theorem 2.11 to f1 gives Z(f1) ≤ q + 1 + b2√qc, and Z(f2) ≤ q − 1, thus
Z(f) ≤ q + 1 + b2√qc+ q − 1 = 2q + b2√qc
For q ≥ 11, this is smaller than 3(q − 1)− 2.
For the code coming from P
(12)
7 the minimum distance is computed similarly to the code
above coming from P
(i)
7 , i = 5−7. The difference is that P (12)7 has two interior points, where
as P
(i)
7 , i = 5− 7, have only one. This will change our bound on q slightly to determine that
d(C
P
(12)
7
) = (q − 1)2 − (3(q − 1)− 2) = (q − 2)(q − 3), for q ≥ 25. First note the polynomial
f = dy−1(x− a)(x− b)(x−1y − c) ∈ L(P (12)7 ), with a, b, c, d ∈ F∗q, has 3(q − 1)− 2 zeros. As
above we’ll show any other polynomial f ∈ L(P (12)7 ) has Z(f) ≤ 3(q − 1) − 2 for q ≥ 25.
As in the case of P
(7)
7 , every polynomial with the largest number of absolutely irreducible
factors (three) will have at most 3(q − 1) − 2 zeros in (F∗q)2. If f is absolutely irreducible,
with Newton polytope Pf , then the number of interior points of Pf , I(Pf ), is at most 2.
Then by Theorem 2.11,
Z(f) ≤ q + 1 + b2I(Pf )√qc −B′(Pf ) ≤ q + 1 + b4√qc ≤ 3(q − 1)− 2, for q ≥ 9.
In the case where f factors into two absolutely irreducible polynomials, f = f1f2, we have
that L(P1) ≤ 2 and L(P2) = 1. If L(P1) = L(P2) = 1, then Z(f) ≤ 2(q − 1) ≤ 3(q − 1)− 2;
and if L(P1) = 2 and L(P2) = 1, then
Z(f) ≤ q + 1 + b4√qc+ q − 1 = 2q + b4√qc < 3(q − 1)− 2, for q ≥ 25.
For P
(13)
7 , the polgyon has length L = 2 and is in fact the Minkowski sum of the exceptional
triangle with the line segment connecting (0, 0) to (1, 0). By Theorem 2.9, we can bound
the minimum distance: d(C
P
(13)
7
) ≥ (q − 1)2 − 2(q − 1) − 2√q + 1 for q ≥ 23. Note that
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(q− 1)2− 2(q− 1)− 2√q+ 1 > (q− 2)(q− 3) for q > 8, so we have d(C
P
(13)
7
) > (q− 2)(q− 3)
for q ≥ 23. On the other hand, the code given by P (13)7 is a supercode of CP (9)6 , which has
minimum distance (q − 1)2 − 2(q − 1) = (q − 1)(q − 3) for q ≥ 9. So, (q − 1)(q − 3) ≥
d(C
P
(13)
7
) > (q − 2)(q − 3) for q ≥ 23.
For P
(i)
7 with i = 20, 21, we can again apply Theorem 2.10, to bound the minimum
distance: for q ≥ 37, d(C
P
(i)
7
) ≥ (q − 1)2 − 2(q − 1) = (q − 1)(q − 3). Note that C
P
(20)
7
is a
supercode of CP41,2
and C
P
(21)
7
is a supercode of CP42,2
, each of which have minimum distance
(q − 1)2 − 2(q − 1) = (q − 1)(q − 3), by Theorem 2.7. Thus d(C
P
(i)
7
) = (q − 1)(q − 3) for
q ≥ 23. 
If two codes have different minimum distances, we know that codes are not monomially
equivalent. Based on the previous proposition, we have that P
(1)
7 and P
(2)
7 give codes that
are not monomially equivalent to any other. For all of the others though, there are many
polygons which yeild codes that share minimum distances. We will look at these groups of
polygons in turn and use finer invariants to distinguish the codes from each other. We will
focus on three invariants: the number of codewords of a particular weight. Given a code CP ,
denote by n1(CP ) the number of codewords of weight (q−1)2− (2q−2), n2(CP ) the number
of codewords of weight (q − 1)2 − (2q − 3), and n3(CP ) the number of codewords of weight
(q − 1)2 − (3q − 5). Our general strategy will be to analyze a group of polygons that yield
codes with the same minimum distance and show that one of the above invariants differs.
Note that compute n1(CP ), we can equivalently count the number of polynomials f ∈ L(P )
that have 2q − 2 zeros in (F∗q)2.
Proposition 3.3. P
(3,14−18,22)
7 all generate monomially inequivalent codes for sufficiently
large q.
Proof. We first show that the code given by P
(3)
7 is not monomially equivalent to the code
given by P
(15)
7 for q ≥ 37, by looking at n2. By [5], L(P (3)6 ) has exactly 6(q−1)3 +
(
q
2
)
(q−1)3
polynomials with 2q − 3 zeros, and since P (3)6 ⊂ P (3)7 , the number of polynomials in L(P (3)7 )
is at least 6(q − 1)3 + (q
2
)
(q − 1)3. Turning to P (15)7 , the two subpolygons pictured in Figure
4 give rise to at most 2(q − 1)3 polynomials with 2q − 3 zeros (See Table 3 below for the
precise polynomials). If f = ax−1 + bx−1y + c + dx + ex2 + gx3 + hx2y−1 ∈ L(P (15)7 ), and
we “remove the vertex” (0, 1), that is have b = 0, or remove the vertex (2,−1), that is have
h = 0, then f ∈ L(P ), where P is lattice equivalent to P (2)6 ; if g = 0, then f ∈ L(P ), for
P lattice equivalent to P
(7)
6 ; and if a = 0, then f ∈ L(P ), for P lattice equivalent to P (6)6 .
However, neither P
(2)
6 , P
(7)
6 , nor P
(6)
6 , contain polynomials in the span of their lattice points
with 2q − 3 zeros that do not come from the parallelograms (in the case of P (2)6 there are
none at all), which have already been counted. Hence, any additional polynomial in L(P (15)7 )
with 2q − 3 zeros must have Newton polygon P (15)7 , and since P (15)7 is indecomposable, such
a polynomial is absolutely irreducible. However, by Theorem 2.11, such a polynomial has
at most q + 1− ⌊6√q⌋− 4 zeros. This is less than 2q − 3 for q ≥ 37, so no such absolutely
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irreducible polynomial will have 2q − 3 zeros. Thus, for q ≥ 37, n2(CP (15)7 ) ≤ 2(q − 3)
3 <
6(q − 1)3 + (q
2
)
(q − 1)3 ≤ n2(CP (3)7 ).
x−1
y
1
y−1
x x2 x3
P
(15)
7
P
(7)
6
P
(3)
4
Figure 4. The subpolygons P
(3)
4 and P
(7)
6 of P
(15)
7 .
Similar arguments give the below Table 3. Note in this table (and all tables following),
the constants are in F∗q, unless otherwise noted. Summarizing our results for n2, we see
that that C
P
(16,17)
7
are not equivalent to C
P
(3)
7
for q ≥ 37, that C
P
(18)
7
is not equivalent to
C
P
(3)
7
for q ≥ 39, and that C
P
(22)
7
is not equivalent to C
P
(3)
7
for q ≥ 66. The invariant n2 also
distinguishes some of the codes coming from P
(14−18,22)
7 . For example, we have that CP (17)7
is
not equivalent to C
P
(18)
7
or C
P
(22)
7
for q ≥ 66, nor is C
P
(17)
7
equivalent to C
P
(16)
7
for q ≥ 37 and
2|q − 1, nor is C
P
(17)
7
equivalent to C
P
(14)
7
for q ≥ 37 and 4|q − 1 or 2 - q − 1, nor is C
P
(17)
7
equivalent to C
P
(15)
7
for q ≥ 37 and 3 - q − 1.
Table 3: n2(CP ) for P = P
(14−18,22)
7
Code polynomials with Z(f) = (2q − 3) number total
C
P
(3)
7
polynomials from P
(3)
6 [4] 6(q − 1)3
+
(
q
2
)
(q − 1)3 ≥ 6(q − 1)3 + (q
2
)
(q − 1)3
possibly others
C
P
(14)
7
If 4 - q − 1: cx−1(y − a)(x4y−1 − b), (q − 1)3 If 4 | q − 1:
ab = i4 for exactly one i ∈ F∗q. 0
If 2 - q − 1: c(x−1y − a)(x3y−1 − b), (q − 1)3 If 2 | q − 1 and 4 - q − 1:
ab = i2 for exactly one i ∈ F∗q. (q − 1)3
q ≥ 37 If 2 - q − 1: 2(q − 1)3
C
P
(15)
7
If 3 - q − 1: cx−1(y − a)(x3y−1 − b), (q − 1)3 If 3 | q − 1: (q − 1)3
ab = i3 for exactly one i ∈ F∗q.
q ≥ 37 - - - - - - - - - - - - - - - If 3 - q − 1: 2(q − 1)3
14
Code polynomials with Z(f) = (2q − 3) number total
c(x2yy−1 − a)(x−1y − b) (q − 1)3
C
P
(16)
7
If 2 - q − 1: cx−1(y − a)(x2y−1 − b), (q − 1)3 If 2 | q − 1: 0
q ≥ 37 ab = i2 for exactly one i ∈ F∗q If 2 - q − 1: (q − 1)3
C
P
(17)
7
cx−1(y − a)(xy−1 − b) (q − 1)3 (q − 1)3
q ≥ 37
C
P
(18)
7
none 0 0
q ≥ 66
C
P
(22)
7
none 0 0
q ≥ 66
To distinguish further between P
(14−18,22)
7 we’ll look at n1, the number of polynomials of
weight (q−1)2− (2q−2). We first note that each of these polygons has P (2)6 as a subpolygon
(or a subpolygon lattice equivalent to P
(2)
6 ), so each code CP (i)7
, for i = 14− 18, 22, contains
(10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) codewords of weight (q − 1)2 − (2q − 2) from the subpolygon P (2)6 ,
listed in Table 4.
Table 4: n1(CP (2)6
)
Code polynomials (2q − 2) number total
C
P
(2)
6
c(x− a)(x− b), with a 6= b (q−1
2
)
(q − 1)
cx(x− a)(x− b), with a 6= b (q−1
2
)
(q − 1)
cx2(x− a)(x− b), with a 6= b (q−1
2
)
(q − 1)
c(x− a)2(x− b), with a 6= b 2(q−1
2
)
(q − 1) (10 + (q
2
)
)
(
q−1
2
)
(q − 1)
c(x− a)3(x− b), with a 6= b 2(q−1
2
)
(q − 1)
c(x− a)2(x− b)2, with a 6= b (q−1
2
)
(q − 1)
cx(x− a)2(x− b), with a 6= b 2(q−1
2
)
(q − 1)
l(x− c)(x− d)(x2 + ax+ b), (q
2
)(
q−1
2
)
(q − 1)
with a ∈ Fq, c 6= d, x2 + ax+ b irred.
Table 5 below lists the polynomials with 2q − 2 zeros in L(P (14−18,22)7 ), the bound on q,
which is q ≥ 43 for all codes, comes from applying Theorem 2.11.
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Table 5: n1(CP ) for P = P
(14−18,22)
7
Code polynomials with Z(f) = (2q − 2) number total
C
P
(14)
7
x−1f , where f ∈ L(P (2)6 ) (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) If 4 | q − 1 :
is one of the poly in Table 4. (11 +
(
q
2
)
)
(
q−1
2
)
(q − 1)+
- - - - - - - - - - - - - - - 5
4
(q − 1)3
If 4|q − 1: cx−1(y − a)(x4y−1 − b), 3
4
(q − 1)3
ab 6= i4 for all i ∈ F∗q If 2 | q − 1 and 4 - q − 1:
- - - - - - - - - - - - - - - (11 +
(
q
2
)
)
(
q−1
2
)
(q − 1)+
q ≥ 43 If 2|q − 1: c(x−1y − a)(x3y−1 − b), 1
2
(q − 1)3 1
2
(q − 1)3
ab 6= i2 for all i ∈ F∗q
- - - - - - - - - - - - - - - If 2 - q − 1:
cx(x2y−1 − a)(x−2y − b), a 6= b−1 (q−1
2
)
(q − 1) (11 + (q
2
)
)
(
q−1
2
)
(q − 1)
C
P
(15)
7
x−1f , where f is in Table 4 (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) If 3 | q − 1:
- - - - - - - - - - - - - - - (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1)+
q ≥ 43 If 3|q − 1: cx−1(y − a)(x3y−1 − b), 2
3
(q − 1)3 2
3
(q − 1)3
ab 6= i3 for all i ∈ F∗q If 3 - q − 1:
(10 +
(
q
2
)
)
(
q−1
2
)
(q − 1)
C
P
(16)
7
x−1f , where f is in Table 4 (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) If 2 | q − 1:
- - - - - - - - - - - - - - - (11 +
(
q
2
)
)
(
q−1
2
)
(q − 1)+
If 2|q − 1: cx−1(y − a)(x2y−1 − b), 1
2
(q − 1)3 1
2
(q − 1)3
ab 6= i2 for all i ∈ F∗q
q ≥ 43 - - - - - - - - - - - - - - - If 2 - q − 1:
c(xy−1 − a)(x−1y − b), a 6= b−1 (q−1
2
)
(q − 1) (11 + (q
2
)
)
(
q−1
2
)
(q − 1)
C
P
(17)
7
x−1f , where f is in Table 4 (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) (10 + (q
2
)
)
(
q−1
2
)
(q − 1)
q ≥ 43
C
P
(18)
7
x−1f , where f is in Table 4 (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) (11 + (q
2
)
)
(
q−1
2
)
(q − 1)
q ≥ 43 cx−1y−1(y − a)(y − b), a 6= b (q−1
2
)
(q − 1)
C
P
(22)
7
f , where f is in Table 4 (10 +
(
q
2
)
)
(
q−1
2
)
(q − 1) (10 + (q
2
)
)
(
q−1
2
)
(q − 1)
q ≥ 43
Combining the results given for n2, in Table 3 and n1, in Table 5, we see that P
(3,14−18,22)
7
give monomially inequivalent codes for q ≥ 66. 
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We next will look at the polytopes that share the minimum distance of (q− 1)(q− 4). We
will start by considering the invariant n3, the number of codewords of weight (q−1)2−(3q−5).
Proposition 3.4. P
(4,8−11,19)
7 all generate monomially inequivalent codes for sufficiently large
q.
Proof. We first observe that P
(4,8−11,19)
7 all have Minkowski length 3, but P
(4)
7 is the only
polygon with rectangles and trapezoids as subpolygons with Minkowski length 3 instead of
only a line of length 3. The reducible polynomials in L(P (4)7 ) are listed in Table 6. Note
that if f ∈ L(P (i)7 ) for i = 4, 8 − 11, 19 factors into two absolutely irreducible polynomials,
f = gh, then as in the proof of Theorem 3.2, Z(f) < 3q − 5 for q ≥ 11, thus we don’t have
any additional polynomials with 3q−5 zeros. If f ∈ L(P (i)7 ) for i = 4, 8−11, 19 is absolutely
irreducible, then we can apply Theorem 2.11 to see that Z(f) < 3q − 5 for q ≥ 11.
Table 6: n3(CP ), for P = P
(4,8−11,19)
7
Code polynomials with Z(f) = (3q − 5) number total
C
P
(4)
7
e(y − d)(x− a)(x− c), a 6= c (q−1
2
)
(q − 1)2
e(y − bx)(x− a)(x− c) a 6= c (q−1
2
)
(q − 1)2 4(q−1
2
)
(q − 1)2
q ≥ 11 e(y − bx− d)(x− a)(x− c) a 6= c 2(q−1
2
)
(q − 1)2
C
P
(8)
7
C
P
(9)
7
C
P
(10)
7
none, q ≥ 11 none none
C
P
(11)
7
C
P
(19)
7
Thus C
P
(4)
7
is not monomially equivalent to C
P
(i)
7
, for i = 8− 11, 19 and q ≥ 11.
To distinguish P
(i)
7 , for i = 8− 11, 19, we first look at n1, the number codewords of weight
(q−1)2− (2q−2). Using arguments similar to above, we find the following polynomials with
2q − 2 zeros given in Table 7.
Table 7: n1(CP ), for P = P
(8−11,19)
7
Code polynomials with Z(f) = (2q − 2) number total
C
P
(8)
7
c(x− a)(x− b) (q−1
2
)
(q − 1)
cx(x− a)(x− b), a 6= b (q−1
2
)
(q − 1)
c(x− a)2(x− b), a 6= b 2(q−1
2
)
(q − 1) 6(q−1
2
)
(q − 1)
q ≥ 7 cx(y − a)(y − b), a 6= b (q−1
2
)
(q − 1)
17
Code polynomials with Z(f) = (2q − 2) number total
cxy2(xy−1 − b)(xy−1 − a), a 6= b (q−1
2
)
(q − 1)
C
P
(9)
7
cx−1(x− a)(x− b), a 6= b (q−1
2
)
(q − 1)
c(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) 5(q−1
2
)
(q − 1)
cx−1(y − a)(y − b), a 6= b (q−1
2
)
(q − 1)
q ≥ 23 cx−1(x− a)2(x− b), a 6= b 2(q−1
2
)
(q − 1)
C
P
(10)
7
cx−1(x− a)2(x− b), a 6= b 2(q−1
2
)
(q − 1) If q 6= 2m :
cx−1(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) 5(q−1
2
)
(q − 1) + 1
2
(q − 1)3
c(x− a)(x− b), a 6= b (q−1
2
)
(q − 1)
cx−1y−1(x− ay)(x− by), a 6= b (q−1
2
)
(q − 1) If q = 2m:
q ≥ 23 If q 6= 2m: c(x−1y − ax)(y−1 − b), 1
2
(q − 1)3 5(q−1
2
)
(q − 1)
ba−1 6= α2m for any α ∈ F∗q
C
P
(11)
7
cx(x− a)2(x− b), a 6= b 2(q−1
2
)
(q − 1) If q 6= 2m and 3|(q − 1),
cx−1(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) 5(q−1
2
)
(q − 1) + (q − 1)3
c(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) If only one is true,
cx−1y−1(x− ay)(x− by), a 6= b (q−1
2
)
(q − 1) 5(q−1
2
)
(q − 1) + 1
2
(q − 1)3
If q 6= 2m : c(x−1y − ax)(y−1 − b) 1
2
(q − 1)3 Otherwise,
q ≥ 23 If 3|q − 1: cy−1(y − a)(x3 − by), 1
2
(q − 1)3 5(q−1
2
)
(q − 1)
ab 6= i3 for any i ∈ F∗q
C
P
(19)
7
cx(x− a)2(x− b), a 6= b 2(q−1
2
)
(q − 1)
c(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) 5(q−1
2
)
(q − 1)
cx(x− a)(x− b), a 6= b (q−1
2
)
(q − 1)
q ≥ 33 cx(y − a)(y − b), a 6= b (q−1
2
)
(q − 1)
From the invariant n1, we can conclude P
(8)
7 is monomially inequivalent to P
(9)
7 , P
(10)
7 ,
P
(11)
7 , and P
(19)
7 , for q ≥ 7. To completely distinguish the others we will finally look at n2,
the number of codewords of weight (q − 1)2 − (2q − 3). Note that each of these polygons
contains a polygon P lattice equivalent to P
(3)
6 as a subpolygon. By [4], we know that there
if q = 2m, there are 6(q − 1)3 + (q
2
)
(q − 1)3 polynomials in L(P (3)6 ) with 2q − 3 zeros, and if
q 6= 2m there are 6(q− 1)3 + 1
2
(q− 1)5 + 1
2
(q− 1)4 = (q− 1)3(6 + 1
2
(q2− q)) polynomials. The
polynomials in L(P (i)7 ), for i = 8− 11, 19, with 2q − 3 zeros are given in Table 8.
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Table 8: n2(CP ), for P = P
(8−11,19)
7
Code polynomials with Z(f) = (2q − 3) number total
C
P
(8)
7
P
(3)
6 polynomials If q = 2
m: If q = 2m:
(sheared right by one) 6(q − 1)3 +(q
2
)
(q − 1)3 9(q − 1)3 + (q
2
)
(q − 1)3
If q 6= 2m : If q 6= 2m :
(q − 1)3(6 + 1
2
(q2 − q)) (q − 1)3(9 + 1
2
(q2 − q))
dx(y + cb−1)(x− by − c) (q − 1)3
q ≥ 11 cx(y − a)(x− by) (q − 1)3
dx(x+ cb−1y)(x− by − c) (q − 1)3
C
P
(9)
7
P
(3)
6 polynomials If q = 2
m: If q = 2m:
(reflected over x-axis) 6(q − 1)3 +(q
2
)
(q − 1)3 8(q − 1)3 + (q
2
)
(q − 1)3
If q 6= 2m : If q 6= 2m :
(q − 1)3(6 + 1
2
(q2 − q)) (q − 1)3(8 + 1
2
(q2 − q))
c(y−1 − a)(y − bx) (q − 1)3
q ≥ 25 d(y−1 + cb−1)(y − bx− c) (q − 1)3
C
P
(10)
7
P
(3)
6 polynomials If q = 2
m: If q = 2m:
(sheared and reflected) 6(q − 1)3 +(q
2
)
(q − 1)3 9(q − 1)3 + (q
2
)
(q − 1)3
If q 6= 2m : If q 6= 2m :
(q − 1)3(6 + 1
2
(q2 − q)) (q − 1)3(8 + 1
2
(q2 − q))
d(xy−1 + cb−1)(x− by − c) (q − 1)3
q ≥ 25 c(xy−1 − a)(y − b) (q − 1)3
If q = 2m : c(x2y−1 − a)(y − b) If q = 2m : (q − 1)3
C
P
(11)
7
P
(3)
6 polynomials If q = 2
m: If q = 2m and 3 - (q − 1) :
(reflected twice and translated) 6(q − 1)3 +(q
2
)
(q − 1)3 10(q − 1)3 + (q
2
)
(q − 1)3
If q 6= 2m : If q = 2m and 3 | (q − 1) :
(q − 1)3(6 + 1
2
(q2 − q)) 11(q − 1)3 + (q
2
)
(q − 1)3
d(xy−1 + cb−1)(y − bx− cx2) (q − 1)3 If q 6= 2m and 3 - (q − 1) :
c(xy−1 − a)(y − bx2) (q − 1)3 (q − 1)3(10 + 1
2
(q2 − q))
d(x2y−1 + cb−1)(x− by − c) (q − 1)3 If q 6= 2m and 3 | (q − 1) :
q ≥ 25 If q = 2m : c(x2y−1 − a)(y − b) If q = 2m : (q − 1)3 (q − 1)3(9 + 1
2
(q2 − q))
If 3 - (q − 1) : c(x3y−1 − a)(y − b) If 3 - (q − 1) : (q − 1)3
C
P
(19)
7
P
(3)
6 polynomials If q = 2
m: If q = 2m:
(sheared left) 6(q − 1)3 +(q
2
)
(q − 1)3 6(q − 1)3 + (q
2
)
(q − 1)3
q ≥ 47 If q 6= 2m : If q 6= 2m :
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Code polynomials with Z(f) = (2q − 3) number total
(q − 1)3(6 + 1
2
(q2 − q)) (q − 1)3(6 + 1
2
(q2 − q))
Together Table 7 and Table 8 show that P
(9−11)
7 and P
(19)
7 are all monomially inequivalent
for q ≥ 47. 
We next consider polygons that yield codes with minimum distance (q − 2)(q − 3). To
distinguish P
(5)
7 , P
(6)
7 , P
(7)
7 , and P
(12)
7 , we will use the invariants n1, n2 and n3.
Proposition 3.5. P
(5−7,12)
7 all generate monomially inequivalent codes for sufficiently large
q.
Proof. We first show that C
P
(7)
7
is monomially inequivalent to the codes given by P
(5,6,12)
7 ,
by considering polynomials with 3q − 5 zeros (the invariant n3). Note that polynomials of
the form d(y − a)(x− b)(x− c), with b 6= c, have exactly 3q − 5 zeros and are in L(P (i)7 ) for
i = 5, 6, 12. Because there are
(
q−1
2
)
(q − 1)2 polynomials of this kind, there are at least as
many words of weight (q − 1)2 − (3q − 5) in C
P
(5,6,12)
7
. In the proof that C
P
(7)
7
has minimum
distance (q − 1)2 − (3q − 5), Theorem 3.2, we show that for q ≥ 11, the only polynomials in
L(P (7)7 ) with 3q−5 zeros are those of the form d(x−a)(y− bx−1)(y−1− c), where a = bc and
a, b, c, d ∈ F∗q. There are exactly (q−1)3 of these polynomials. Since (q−1)3 <
(
q−1
2
)
(q−1)2,
this completes the first step.
We next show that C
P
(12)
7
is monomially inequivalent to C
P
(5,6)
7
. We look at the invariant n2,
and we consider polynomials with 2q−3 zeros. Note that there are exactly nine subpolygons
of P
(14)
6 ⊂ P (12)7 that correspond to a class of polynomials with 2q − 3 zeros (each class has
(q − 1)3 members). Additionally, the polynomials d(y − a)(x− bxy−1 − cy−1), where either
b = 0 and a, c, d ∈ F∗q or a = b and a, b, c, d ∈ F∗q, have 2q − 3 zeros. There are (q − 1)3
polynomials of each type, so there are at least 11(q−1)3 polynomials in L(P (12)7 ) with 2q−3
zeros. In fact, there are exactly 11(q − 1)3 such polynomials. We verify this by considering
the subpolygons yielded by P
(12)
7 when each vertex is removed. We have accounted for
each polynomial with 2q − 3 zeros yielded by these subpolygons [5]. Therefore, any missing
polynomial with 2q − 3 zeros has Newton polygon P (12)7 . But P (12)7 is indecomposable, so
such a polynomial is absolutely irreducible and has at most q − 1 + b4√qc − 3 zeros, which
is strictly less than 2q − 3 for q ≥ 19.
To complete the proof that C
P
(12)
7
is inequivalent to C
P
(5,6)
7
, we show that n2(CP (i)7
) >
11(q − 1)3, for i = 5, 6. Both P (5)7 and P (6)7 yield the nine classes of polynomials with 2q − 3
zeros from P
(14)
6 , that also appear in P
(12)
7 . Additionally, d(y−a)(y−bx−c), where either c = 0
and a, b, d ∈ F∗q or a = −cb−1 and a, b, c, d ∈ F∗q is in L(P (5)7 ), and gives 2(q−1)3 polynomials
with 2q − 3 zeros. Moreover, d(y − a)(y − bx2 − c), where a = c and a, b, c, d ∈ F∗q, is in
L(P (5)7 ), and has exactly 2q−3 zeros when q = 2m, whereas c(y−a)(y− bx2), for a, b, c ∈ F∗q,
is in L(P (5)7 ), and has 2q − 3 zeros when q 6= 2m. Hence CP (5)7 always at least 12(q − 1)
3
words of weight (q− 1)2 − (2q− 3). Similarly, L(P (6)7 ) contains d(y− a)(xy− bx− c), where
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either b = 0 and a, c, d ∈ F∗q or a = b and a, b, c, d ∈ F∗q, as well as dx(y − a)(y − bx − c),
where either c = 0 and a, b, d ∈ F∗q or a = −cb−1 and a, b, c, d ∈ F∗q. Therefore CP (6)7 always
contains more than 11(q − 1)3 words of weight (q − 1)2 − (2q − 3).
Finally, to distinguish C
P
(5)
7
from C
P
(6)
7
, we’ll look at the invariant n1: the number of code-
words of weight (q−1)2−(2q−2). Both P (5)7 and P (6)7 can be decomposed as Minkowski sum
of a triangle and the line segment connecting (0, 0) and (0, 1), which leads to an irreducible
quadratic and a linear term. For P
(5)
7 we want to determine when l(a+bx+cx
2+y)(y−e) has
2q− 2 zeros, where a, c, e ∈ F∗q and b ∈ Fq. For a+ bx+ cx2 + y to have q− 1 zeros, we must
have that a+bx+cx2 is irreducible: if not, then a+bx+cx2 +y = (x+a1)(x+a2)+y, which
has q−3 zeros in (F∗q)2 if a1 6= a2 and q−2 zeros if a1 = a2. If (a+bx+cx2+y) and y−e both
have q − 1 zeros, we also need to not have a double count, so that a + bx + cx2 = e has no
solutions. If q 6= 2m, a+bx+cx2 = 0 having no solutions is equivalent to having d = b2−4ac
not a quadratic residue (i.e. z2 = d has no solutions), and (a+ e) + bx+ cx2 = 0 having no
solutions is equivalent to having d′ = b2 − 4(a + e)c not a quadratic residue. This gives us
1
2
(q − 1) choices for d and 1
2
(q − 1) choices for d′ and q − 1 choices for c. Since d′ = d− 4ec,
we now have determined e, and have an additional q choices for b (note b can possibly be
zero) and q− 1 choices for l. This gives us a total of 1
4
(q− 1)4q if q 6= 2m. If q = 2m, then for
a+ bx+ cx2 to be absolutely irreducible, we must have b 6= 0. Thus we have (q− 1)3 choices
for a, b and c; if a + bx + cx2 is not irreducible, then a + bx + cx2 = c(x + m1)(x + m2) for
m1 6= m2 ∈ F∗q, thus there are q − 1 choices for c and (q−1)(q−2)2 for m1 and m2, this yields
(q−1)3− (q−1)2(q−2)
2
polynomials with a+bx+cx2 absolutely irreducible. There are then q
2
−1
choices for e ∈ F∗q, such that a+bx+cx2 = e has no solutions. Since we have q−1 choices for l,
we conclude that for q = 2m, there are ((q−1)3− (q−1)2(q−2)
2
)( q
2
−1)(q−1) = ( q
2
)( q
2
−1)(q−1)3
polynomials of the form l(a+ bx+ cx2 + y)(y − e), with 2q − 2 zeros.
For P
(6)
7 we want to determine when l(a + bx + cx
2 + xy)(y − e) has 2q − 2 zeros, where
a, c, e ∈ F∗q and b ∈ Fq. As before, we need a + bx + cx2 = 0 to have no solutions and
a + bx + cx2 + ex = 0 to also have no solutions. If q 6= 2m, this leads to d = b2 − 4ac and
d′′ = (b+e)2−4ac not being quadratic residues. There are 1
2
(q−1) choices for d and 1
2
(q−1)
choices for d′ and q − 1 choices for e. Since d′′ = 2eb + e2 + d, we have determined b. We
then have q − 1 choices for a, in which c will be determined, and q − 1 choices for l. This
gives us a total of 1
4
(q − 1)5 polynomials with 2q − 2 zeros, when q 6= 2m. If q = 2m, we
again have (q − 1)3 − (q−1)2(q−2)
2
polynomials with a+ bx+ cx2 absolutely irreducible (again
b 6= 0). Requiring that a+ bx+ cx2 = ex also has no solutions yields q
2
− 1 choices for e. So
for q = 2m there are ((q − 1)3 − (q−1)2(q−2)
2
)( q
2
− 1)(q − 1) = ( q
2
)( q
2
− 1)(q − 1)3 polynomials
of the form l(a+ bx+ cx2 + xy)(y− e), with 2q− 2 zeros. The polynomials are summarized
in Table 9 below.
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Table 9: n1(CP ), for P = P
(5,6)
7
Code polynomials with Z(f) = (2q − 2) number total
C
P
(5)
7
c(x− a)(x− b) (q−1
2
)
(q − 1) If q = 2m :
c(y − a)(y − b) (q−1
2
)
(q − 1) 4(q−1
2
)
(q − 1)+
cy(x− a)(x− b) (q−1
2
)
(q − 1) ( q
2
)( q
2
− 1)(q − 1)3
c(x− ay)(x− yb) (q−1
2
)
(q − 1)
If q 6= 2m : c(x−1y − ax)(b− y) If q 6= 2m : 1
2
(q − 1)3 If q 6= 2m :
If q 6= 2m: l(a+ bx+ cx2 + y)(y − e) 4(q−1
2
)
(q − 1)+
a, c, e, l ∈ F∗q, b ∈ Fq; a+ bx+ cx2 If q 6= 2m: 14q(q − 1)4 12(q − 1)3+
and a+ e+ bx+ cx2 irred. 1
4
q(q − 1)4
- - - - - - - - - - - - - - -
If q = 2m: l(a+ bx+ cx2 + y)(y − e) If q = 2m:
a, b, c, e, l ∈ F∗q; a+ bx+ cx2 ( q2)( q2 − 1)(q − 1)3
and a+ e+ bx+ cx2 irred.
C
P
(6)
7
c(x− a)(x− b) (q−1
2
)
(q − 1) If q = 2m :
cx(y − a)(y − b) (q−1
2
)
(q − 1) 3(q−1
2
)
(q − 1)+
cy(y − a)(y − b) (q−1
2
)
(q − 1) ( q
2
)( q
2
− 1)(q − 1)3
If q 6= 2m : (y − ax)(b− xy) If q 6= 2m : 1
2
(q − 1)3
If q 6= 2m: l(a+ bx+ cx2 + xy)(y − e) If q 6= 2m,
q ≥ 23 a, c, e, l ∈ F∗q, b ∈ Fq; a+ bx+ cx2 If q 6= 2m : 14(q − 1)5 3
(
q−1
2
)
(q − 1)+
and a+ (b+ e)x+ cx2 irred. +1
2
(q − 1)3+
- - - - - - - - - - - - - - - 1
4
(q − 1)5
If q = 2m: l(a+ bx+ cx2 + xy)(y − e) If q = 2m: 1
4
q2(q − 1)3
a, b, c, e, l ∈ F∗q; a+ bx+ cx2
and a+ (b+ e)x+ cx2 irred.
By checking the subpolygons with six lattice points, we see that we’ve counted all the
polynomials with linear factors and 2q − 2 zeros (for q ≥ 23). Finally if f ∈ L(P (6)7 ) is
absolutely irreducible it can not have 2q − 2 zeros, since by Theorem 2.11,
Z(f) ≤ q − 3 + b2√qc < 2q − 2.
Thus C
P
(5)
7
has more codewords of weight (q − 1)2 − (2q − 2) than C
P
(6)
7
for q ≥ 23. 
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The last set of polygons we examine are those which yield codes of minimum distance
(q − 1)(q − 3), namely P (20)7 and P (21)7 , together with P (13)7 , whose minimum distance is
bounded: (q − 1)(1− 3) ≥ d(C
P
(13)
7
) > (q − 2)(q − 3).
Proposition 3.6. P
(13,20−21)
7 all generate monomially inequivalent codes for sufficiently large
q.
Proof. We first compute the invariant n1 for the codes given by P
(20)
7 and P
(21)
7 . The specific
polynomials can be found in Table 10 below, and the bounds on q come from applying
Theorem 2.11 as in previous proofs. C
P
(20)
7
has 4
(
q−1
2
)
(q − 1) polynomials with 2q − 2 zeros
for q ≥ 38, while C
P
(21)
7
has 3
(
q−1
2
)
(q − 1) polynomials with 2q − 2 zeros for q ≥ 38, hence
they are monomially inequivalent.
We next look at polynomials in L(P (13)7 ) which have 2q − 2 zeros. The first three poly-
nomials in L(P (13)7 ) listed in Table 10 have line segments as the corresponding Newton
polytope, while the fourth and fifth are parallelograms. Thus when q 6= 2m, C
P
(13)
7
has at
least 3
(
q−1
2
)
(q− 1) + 3
2
(q− 1)3 polynomials with 2q− 2 zeros, and when q = 2m, C
P
(13)
7
has at
least 3
(
q−1
2
)
(q− 1) + (q− 1)3 polynomials with 2q− 2 zeros. Since these are both larger than
4
(
q−1
2
)
(q − 1), we see that n1(CP (13)7 ) > n1(CP (20)7 ), n1(CP (21)7 ), and so they are monomially
inequivalent for q ≥ 38. 
Table 10: n1(CP ), for P = P
(13,20−21)
7
Code polynomials with Z(f) = (2q − 2) number total
P
(20)
7
c(y − a)(y − b), a 6= b (q−1
2
)
(q − 1)
c(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) 4(q−1
2
)
(q − 1)
c(x− ay)(x− by), a 6= b (q−1
2
)
(q − 1)
q ≥ 38 cx−1y−1(xy − a)(xy − b), a 6= b (q−1
2
)
(q − 1)
P
(21)
7
cx−1(xy − ay2)(xy − by2), a 6= b (q−1
2
)
(q − 1)
c(x− a)(x− b), a 6= b (q−1
2
)
(q − 1) 3(q−1
2
)
(q − 1)
q ≥ 38 cy−1(y − a)(y − b), a 6= b (q−1
2
)
(q − 1)
P
(13)
7
cy(xy−1 − a)(xy−1 − b), a 6= b (q−1
2
)
(q − 1) If q 6= 2m :
cxy−1(y − a)(y − b), a 6= b (q−1
2
)
(q − 1) ≥ 3(q−1
2
)
(q − 1)+ 3
2
(q − 1)3
cx−1(x− a)(x− b), a 6= b (q−1
2
)
(q − 1)
c−1(x+ a)(x2y−1 + b) (q − 1)3 If q = 2m:
If q 6= 2m: c(x− a)(y − bxy−1) 1
2
(q − 1)3 ≥ 3(q−1
2
)
(q − 1) + (q − 1)3
· · ·
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Theorem 3.7. The 22 polygons generate monomially inequivalent codes over Fq, for all q,
with the following exceptions:
(a) P
(22)
7 and P
(15)
7 yield monomially equivalent codes over F7,
(b) P
(18)
7 and P
(16)
7 yield monomially equivalent codes over F7,
(c) P
(19)
7 and P
(9)
7 yield monomially equivalent codes over F7,
(d) P
(22)
7 and P
(16)
7 yield monomially equivalent codes over F8,
(e) P
(17)
7 and P
(18)
7 yield monomially equivalent codes over F8.
Proof. As mentioned before, based solely on the minimum distance, Theorem 3.2 shows that
C
P
(1)
7
and C
P
(2)
7
are monomially inequivalent to C
P
(i)
7
for all i and all q. Furthermore codes
that have different minimum distance can not be monomially equivalent. For codes that
share a given minimum distance, we have monomial inequivalence for large q as given by the
previous propositions (Propositions 3.3, 3.4, 3.5, 3.6). More precisely,
• C
P
(3)
7
is monomially inequivalent to C
P
(i)
7
for i = 14−16 and q ≥ 37, and is monomially
inequivalent to C
P
(i)
7
for i = 18, 22 and q ≥ 66.
• C
P
(i)
7
are monomially inequivalent for i = 14− 18, 22 and q ≥ 43.
• C
P
(4)
7
is monomially inequivalent to C
P
(i)
7
for i = 8− 11, 19 and q ≥ 11.
• C
P
(8)
7
is monomially inequivalent to C
P
(i)
7
for i = 9− 11, 19 and q ≥ 7.
• C
P
(9)
7
, C
P
(10)
7
and C
P
(11)
7
are monomially inequivalent for q ≥ 47.
• C
P
(7)
7
is monomially inequivalent to C
P
(i)
7
for i = 5, 6, 12 and q ≥ 11.
• C
P
(12)
7
is monomially inequivalent to C
P
(i)
7
for i = 5, 6 and q ≥ 19.
• C
P
(5)
7
and C
P
(6)
7
are monomially inequivalent for q ≥ 23.
• C
P
(13)
7
, C
P
(20)
7
and C
P
(21)
7
are monomially inequivalent for q ≥ 38.
To distinguish these codes from each other for small q, we first compute the enumerator
polynomial using Sage. The enumerator polynomial encodes the number of codewords of
weight i, so if two codes have different enumerator polynomials, we can conclude that they
are monomially inequivalent. More precisely the enumerator polynomomial of a code C is
defined as
WC(x) =
(q−1)2∑
i=0
Aix
i,
where Ai = #{w ∈ C |wt(w) = i}. For example over F7 we compute the enumerator
polynomial of C
P
(i)
7
for i = 5, 6, 7, 12:
WC
P
(5)
7
= 7206x36 + 22680x35 + 48708x34 + 86400x33 + 156546x32 + 162216x31 +
150192x30 + 88344x29 + 50490x28 + 25344x27 + 17172x26 + 5616x25 +
2088x24 + 540x20 + 1
24
WC
P
(6)
7
= 7800x36 + 19440x35 + 53028x34 + 85752x33 + 160164x32 + 150768x31 +
155988x30 + 89640x29 + 54108x28 + 20016x27 + 18576x26 + 5400x25 +
2322x24 + 540x20 + 1
WC
P
(7)
7
= 8340x36 + 22032x35 + 51840x34 + 83808x33 + 150768x32 + 150984x31 +
165060x30 + 89640x29 + 54108x28 + 20016x27 + 18576x26 + 5400x25 +
2322x24 + 540x20 + 1
WC
P
(12)
7
= 8340x36 + 22032x35 + 51840x34 + 83808x33 + 150768x32 + 150984x31 +
165060x30 + 104976x29 + 43632x28 + 9432x27 + 24300x26 + 6480x25 +
594x24 + 1080x21 + 216x20 + 1
For those codes yielding the same enumerator polynomials, we again employed Sage to de-
termine if the codes were equivalent. This then led to five pairs where two lattice inequivalent
polygons gave monomially equivalent codes. 
Employing a similar strategy as we did in the proof of Theorem 3.1 one can construct all
the lattice inequivalent polygons with 8 lattice points.
Theorem 3.8. Every toric surface code with k = 8, where k is the dimension of the code,
is monomially equivalent to a code generated by one of 42 polygons for sufficiently large q.
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